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Abstract. We first give a direct proof of a basis theorem for the cyclotomic Yokonuma- 
Hecke algebra Y^„{q). Our approach follows Kleshchev’s, which does not use the rep¬ 
resentation theory of Y^^„{q), and so it is very different from that of [GhP2]. We also 
present two applications. Then we prove that the cyclotomic Yokonuma-Hecke algebra 
Yr,n{Q) is cellular by constructing an explicit cellular basis, and show that the Jucys- 
Murphy elements for Y^,^{q) are JM-elements in the abstract sense. In the appendix, 
we shall develop the fusion procedure for Y^j^{q). 


1. Introduction 

1.1. The Yokonuma-Hecke algebra was first introduced by Yokonuma [Yo] as a centralizer 
algebra associated to the permutation representation of a Chevalley group G with respect 
to a maximal unipotent subgroup of G. In the 1990s, a new presentation of the Yokonuma- 
Hecke algebra has been given by Juyumaya [Jul], and since then it is commonly used for 
studying this algebra. 

The Yokonuma-Hecke algebra Yr^nig) is a quotient of the group algebra of the modular 
framed braid group I Bn, where Bn is the braid group of type A on n strands. 

It can also be regraded as a deformation of the group algebra of the complex reflection 
group G{r, 1, n), which is isomorphic to the wreath product i^IrTL) I where ©„ is the 
symmetric group on n letters. It is well-known that there exists another deformation of 
the group algebra of G{r, 1, n), namely the Ariki-Koike algebra Rr,n [AK]. The Yokonuma- 
Hecke algebra Yy^nio) is quite different from Hy^n- For example, the Iwahori-Hecke algebra 
of type A is canonically a subalgebra of H^^n, whereas it is an obvious quotient of Yr^nio), 
but not an obvious subalgebra of it. 

In the past few years, many people are dedicated to studying the algebra Yr^niQ) from 
different perspectives. Some impetus comes from knot theory; see the papers [Ju2], [JuL] 
and [ChL]. In particular, Juyumaya and Kannan [Ju2, JuK] found a basis of Yj-^nio), and 
then defined a Markov trace on it. 

Some other people are particularly interested in the representation theory of Yr^nio), 
and also its application to knot theory. Chlouveraki and Poulain d’Andecy [ChPAl] gave 
explicit formulas for all irreducible representations of Yr,n('?) over ^{q), and obtained 
a semisimplicity criterion for it. In their subsequent paper [ChPA2], they defined and 
studied the affine Yokonuma-Hecke algebra Yr^n{(l) and the cyclotomic Yokonuma-Hecke 
algebra Y/„(g), and constructed several bases for them, and then showed how to define 
Markov traces on these algebras. In addition, they gave the classification of irreducible 
representations of Yfni'i) in the generic semisimple case, defined the canonical symmetriz¬ 
ing form on it and computed the associated Schur elements directly. 
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1.2. Recently, Jacon and Poulain d’Andecy [JaPA] constructed an explicit algebraic 
isomorphism between the Yokonuma-Hecke algebra kr,n(<?) and a direct sum of matrix 
algebras over tensor products of Iwahori-Hecke algebras of type A, which is in fact a 
special case of the results by G. Lusztig [Lu, Section 34]. This allows them to give a 
description of the modular representation theory of Yr,n(9) and a complete classification 
of all Markov traces for it. Chlouveraki and Secherre [ChS, Theorem 4.3] proved that the 
affine Yokonuma-Hecke algebra is a particular case of the pro-p-Iwahori-Hecke algebra 
defined by Vigneras in [Vi]. Espinoza and Ryom-Hansen [ER] gave a new proof of Jacon 
and Poulain d’Andecy’s isomorphism theorem by giving a concrete isomorphism between 
yr,n{<l) and Shoji’s modified Ariki-Koike algebra lKr',n- Moreover, they showed that Y^^niQ) 
is a cellular algebra by constructing an explicit cellular basis. 

In [CW], we have established an equivalence between a module category of the affine 
(resp. cyclotomic) Yokonuma-Hecke algebra Yr,n(<?) (resp. Y^^{q)) and its suitable coun¬ 
terpart for a direct sum of tensor products of affine Hecke algebras of type A (resp. 
cyclotomic Hecke algebras), which allows us to give the classification of simple modules 
of affine Yokonuma-Hecke algebras and of the associated cyclotomic Yokonuma-Hecke 
algebras over an algebraically closed field of characteristic p when p does not divide r, 
and also describe the classification of blocks for these algebras. In addition, the modular 
branching rules for cyclotomic (resp. affine) Yokonuma-Hecke algebras are obtained, and 
they are further identified with crystal graphs of integrable modules for affine lie algebras 
of type A. 

1.3. Since the cyclotomic Yokonuma-Hecke algebra Y^^{q) is a natural generalization of 
the Yokonuma-Hecke algebra l).^„(g), it is natural to try to generalize the results of [ER] 
to the cyclotomic case. 

In this paper, We will first follow Kleshchev’s approach in [Kle] to give a direct proof of 
a basis theorem for the cyclotomic Yokonuma-Hecke algebra Y^^[q). Our method does not 
use the representation theory of Yf^{q), and so it is very different from that of [ChPA2]. 
We also present two applications. Then we are largely inspired by the work of [DJM] and 
[ER] to prove that the cyclotomic Yokonuma-Hecke algebra Yf^{q) is a cellular algebra 
by constructing an explicit cellular basis, and to show that the Jucys-Murphy elements 
for Y^^{q) are JM-elements in Mathas’ sense [Ma2]. 

This paper is organized as follows. In Section 2, we follow Kleshchev’s approach in 
[Kle] to give a direct proof of a basis theorem for the cyclotomic Yokonuma-Hecke algebra 
Yrniq)- III Section 3, we will consider a special case of a Mackey theorem for Y^^{q). In 
Section 4, we will give another proof of the fact that the cyclotomic Yokonuma-Hecke 

yd 

algebra Y^^{q) is a Frobenius algebra, and also prove that the induction functor Ind.T^"^^ 

’ ^ r,n 

commutes with the r-duality. In Section 5, we will recall some notations and combinatorial 
tools that we will need in the sequel. In Section 6, combining the results of [DJM] with 
those of [ER], we show that the cyclotomic Yokonuma-Hecke algebra Y^'^„(q) is cellular 
by constructing an explicit cellular basis. In Section 7, we show that the Jucys-Murphy 
elements for Y^^{q) are JM-elements in the abstract sense introduced by Mathas. For 
the split semisimple Y^^{q), we define the idempotents Ei of Yf^{q) and deduce some 
properties of them by applying the general theory developed in [Ma2, Section 3]. 
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2. Basis theorem for cyclotomic Yokonuma-Hecke algebras 

2.1. The definition of Let r, n G N, r > 1, and let C = Let q be an indeter¬ 

minate. Let Gn be the symmetric group on n letters, which acts on the set {1, 2, ..., n} 
on the right by convention. 

Let IR = Z[i][g, ^]. The affine Yokonuma-Hecke algebra = Yj-^nio) is an IR- 

associative algebra generated by the elements ti,... ■ ■ ■ , Qn-i, , in which the 

generators ti,... ,tn, gi, • • •, gn-i satisfy the following relations: 


9igj — gjgi 


gi9i+igi ~ gi+igigi+i 
titj — tjti 
gitj = tjs^gi 

tl = i 

gf = '^ + {q- q~^)eigi 


for alH, j = 1,..., n — 1 such that \i — j\ > 2; 

for alH = 1,..., n — 2; 

for all i,j = 1,... , n; 

for alH = 1,..., n — 1 and j = 1,..., n; 

for all f = 1,..., n; 

for alH = 1,..., n — 1, 


where Sj is the transposition (i, i -t- 1), and for each 1 < i < n — 1, 


Gi 


r—1 




— S 

i-\-l ’ 


5 = 0 


together with the following relations concerning the generators 
YiYf 1 = Yf lYi = 1; 

5iYi3iYi = XigiXigi] 

giXi = Xigi for alH = 2,..., n - 1; 

tjXi = Xitj for all j = 1,... , n. 


( 2 . 2 ) 


Note that the elements Cj are idempotents in Y^^. The elements gi are invertible, with 
the inverse given by 

g~^ = gi - {q- q~^)ei for alH = 1,..., n - 1. (2.3) 


Let w G ©nj and let w = Si^ ■ ■ ■ Si^ be a reduced expression of w. By Matsumoto’s 
lemma, the element gy^, := gi^gi 2 ■ ■ ■ gir does not depend on the choice of the reduced 
expression of w, that is, it is well-defined. Let I denote the length function on Then 
we have 


gig-w — 


gsiw 

gsiw + iq- q~^)eigw 


if l{si'w) > l^w)] 
if l{si'w) < 


(2.4) 


Let i,k € {1, 2,... , n} and set 





5 = 0 


^i,k • 


(2.5) 
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Note that = 1, ei^k = efc,i) and that = ej. It can be easily checked that 


tiGj^k — 

GiCk^l = es.(k),Si{l)ei 
^j,k9i — 9i^jsi,ksi 


for alH, A: = 1,..., n, 

for all i,j,k = l,...,n, 

for all = n, 

for alH = 1,..., n — 1 and /c, / = 1,..., n, 

for alH = 1,..., n — 1 and j, /c = 1,..., n. 


In particular, we have CiQi = giCi for alH = 1,2,... , n — 1. 

We dehne inductively the following elements in 

Xj+i := QiXigi for i = 1,..., n - 1. 

By [ChPAl, Lemma 1] we have, for any 1 < i < n — 1, 

giXj = Xjgi for j = 1, 2,..., n such that j ^ i,i + 1. 

Moreover, by [ChPAl, Proposition 1], we have that the elements ti,... ,tn,Xi 
form a commutative family, that is. 


( 2 . 6 ) 


(2.7) 

( 2 . 8 ) 
.,^n 


xy = yx for any x,?/ G {ti ,... ,tn, Ai,..., A„}. (2.9) 

Let d > 1 and ui,..., be some invertible indeterminates. Set /i := {Xi — ui) • • • {Xi — 
Vd)- Let 3d denote the two-sided ideal of W.n generated by /i, and dehne the cyclotomic 
Yokonuma-Hecke algebra = Y^,^{q) to be the quotient 

=%,nl3d- 




r,n 


2.2. A basis theorem for Y^^. We will often use the following formulae in the rest of 
this paper. 


Lemma 2.1. (See [ChPA2, Lemma 2.15].) For a G Z>o, we have 

a 

= foraUi = l,...,n-l, (2.10) 

k=l 

a—1 

giXU,=X3gi + {q-q-^)e,Y,^"Xt+i for all i = I,... ,n - 1. (2.11) 

k=0 

From the dehnition of /i, we see that /i is a monic polynomial of degree d. Write 
fi = Xf + aiXf ^ + • • • -|- Qd-iXi + Qd- 

Note that Od = (—l)'^ui ■ ■ - Vd is invertible. Set hi := fi, and for i = 2,3,..., n, dehne 
inductively 

/i := and hi'.= gi-ihi-ig~\. (2.12) 

The next lemma easily follows from Lemma l2.1l bv induction. 

Lemma 2.2. LefFn = ... ,X^^] be the algebra of Laurent polynomials inXi ,..., A„, 

which is regarded as a subalgebra of Yr^n- For i = 1, 2,... , n, we have 

fi = Xf + {terms lying in for 0 < e < d), 

hi = ad + {terms lying in Tj-iA/L).,! for 0 < f < d). 


(2.13) 

(2.14) 
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We define 

n„ := {{a, Z) I Z G {1, 2,... , n}, a = (ai,..., a„) G Z” with 0 < a* < d whenever i ^ Z}, 

n+ = {(a,Z)|Z/0}. 

Given (a, Z) G n„ with Z = {zi, Z 2 , ■ ■ ■, Zk}, we also define Pz ■= PziPz 2 ''' where 

p 

'' \hz, ifa., <0. 

Lemma 2.3. W,n is a free right Yr^n-fnodule with an Jl-basis {X^^Pz \ (ce,Z) G n„}. 
Proof. Define a lexicographic ordering on Z”: a P of if and only if 

^ri 5 * * * 5 ^/c+1 Y. 

for some A; = 1, 2,..., n. Define a function 9 : n„ —>• Z” by 6*(a, Z) = (6*i,..., where 


I aj if i ^ Z or i G Z with a* < 0; 

^2 — j 

\ai + d if A G Z with ctj > 0. 

Given (a, Z) G with Z = {ii,..., v,ii, • • • ,js} such that > 0 (1 < /c < r) and 
aji < 0 {1 < I < s), we can prove, using induction on r, s and Lemma [221 that 

= x®’- + (terms lying in X^^^Yr^n) (2.15) 

for (aj^,... ,ai^) Y Pr = {I3h, ■ ■ ■, I3ir) Y dr, where 6r = {9i^,. ■ ■ ,0i^) = {ai^ +d,...,ai^ + 
d), X<>- = xf;> ... xj', and XA- = xf ■ ■ ■ X*'; 

Similarly we can prove that 




• • • ’')(-Pii ■■■Pjs) = + (terms lying in X'^‘Yr,n) 


(2.16) 


for (aj^,..., ajJ -< = (7j^,..., 7jJ ^ (aj.+d,..., ap+d), where X^- = XP ■ ■ ■ XP = 


• • • X^d^ and = Xpi 

31 Js _ 31 

Since 6 : n„ 


Js 


Z”’ is a bijection and we already know that the next set 
{X“ = X“1 • • I a = (ai,... ,an) G Z"} 


is an ^Ji-basis for viewed as a right l^^^-module by [CW, Theorem 2.3], where the 
proof can be easily adapted to be true over IR, fl2.15p and fl2.16p imply this lemma. □ 


Lemma 2.d:. Fot n ^ 1, w€. hdvc dJid Yy^_^Yi—\hr}Yf_^fi — 

Proof. It suffices to prove that the left multiplication by the elements ti,..., , gn -2 

leaves the space fnYr^n invariant. Considering ti,... gi-> - • • ^gn- 3 ^ h easily follows 

from the definition of fn and hn- Considering gn- 2 -, we have 

gn—2fnYr^n — gn—2gn—ign—2fn—2gn—2gn—lYr^n 

— gn—ign—2gn—lfn—2gn—2gn—lYr^n 

— gn—ign—2fn—2gn—ign—2gn—\Yy‘n 

— gn—ign—2fn—2gn—2gn—ign—2Yr^n 
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It follows from the definition that we have fnYr,n = hnYr^m so we have obtained the 
second equality. □ 


Lemma 2.5. We have 3d = ‘3^nfiYr,n- 

2=1 


Proof. 


3 d = yr,nflYr,n = I^r,n/l 5 ’nl^r,n = yr,nflYr,n 

n r—l 

= ynYr,nflYr,n = EE E yntigi-l ■ ■■giufiYr^r. 

i = l j=0 UGYr,2...n 


• • • giflYr,n = ^ 'PnfiYr, 


2 = 1 


2 = 1 


as required. 


□ 


Lemma 2.6. For d> 1, we have 3d = y‘^Fzyr,n- 

(a,z)en+ 

Proof. Proceed by induction on n, the case n = 1 being obvious. Let n > 1. Let = 
h"r,n-i/iEr,n-i- We have 

3', = X^PzYr,n-l (2.17) 

(«.^)6n+_i 

by the induction hypothesis. Let 

a = ^ X^PzYr,n. 

(«,z)Gn+ 

Obviously 3 Y 3d- So in view of Lemma 12.51 it suffices to prove that X°‘fiYr^n Y 3 for 
each a € Z"' and each i = 1, 2,..., n. 

Consider first X°‘fnYr,n- Write X" = for /3 € Expanding X^ in terms of 

the basis of W,n-i from Lemma l2..SI we see that, when > 0, 

(a',Z')Gn„_i 

when an < 0, 

X^fnYr,n = X^hnYr,n C 

(a'',z")en„_i 

It is always contained in 3 thanks to Lemma 12.41 

The next, we will consider X°‘ fiYr^n with i < n. Write X" = X“"X^ for (3 € Z”“^. By 
the induction hypothesis, we have 

X<^fiYr,n = X!f-X^f,Yr,n C ^ X’f-X^'Pz'Yr^n- 
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When an > 0, we will show by induction on an that Pz'Yr^n S 8 for each 

{a',Z') € n^_i. This is immediate if 0 < < d. Assume that an > d. Expanding /„ 

using Lemma 12.21 the set 

X^--^X‘^'Pz'fnYr,n C a 

looks like the desired X^^X^^'Pz'Yr^n plus a sum of terms belonging to X^^~^~^^3'(iYr,n 
with 0 < e < d. It now suffices to show that each such term ^ 8- But by 

(EUD, 

X^--'^+%Yr,n C ^ X^--<^+^X^'Pz>Yr,n 

{a',z')en+_, 

and each term in the summation lies in 8 by induction, since 0<Q;n — d + e<Q!„. 

When < 0, we will similarly show by induction on an that Pz’Yr,n £ 8 for 

each (a', Z') G n^_i. This is obvious if 0 < < d. Assume that an < 0. Expanding hn 

using Lemma 12.21 the set 

a^^X^-X’^'Pz'hnYr,n C 0 

looks like the desired Pz'Yr^n plus a sum of terms belonging to Xn"^^8'ciYr,n with 

0 < / < d. It now suffices to show that each such term Xn'^~^^8'^r,n P 8- But by (I2.17p . 

X'^-+f8'dYr,n C 

(a',Z')Gn+_i 

and each term in the summation lies in 8 by induction, since an < otn + f Pi d. □ 

Theorem 2.7. The canonical images of the elements 

{X'^t^gn, I a G Z” with ai,... ,an < d, /? G Z” with /3i,...,< r, re G 6n} 
form an X-basis for Yff^. 

Proof. By Lemma 12.31 and 12.61 the elements {X^Pz \ (o,Z) G LI^} form an IR-basis for 
8d viewed as a right W,n-uiodule. Hence Lemma 12.31 implies that the elements 

{A“ I a G Z” with oi,..., < d} 

form an IR-basis for a complement to 8d iu W,n viewed as a right W,n-uiodule. We 
immediately get the theorem. □ 

3. Mackey theorem for cyclotomic Yokonuma-Hecke algebras 

In this section, we shall consider a special case of a Mackey theorem for Given any 
y G we will denote its canonical image in by the same symbol. Thus, Theorem 
O says that 

{X^'t^gn, I a G Z” with ai,... ,an < d, /? G Z” with /3i, ...,/?„< r, u; G ©n} 
is an IR-basis for Yff^. Also, Theorem 12.71 implies that Yff^ is a subalgebra of So 

yd yd 

we can dehne the induction functor IndL^"”''^ and the restriction functor ResYrf"'''h We 

r n. r n. 
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define, for each l^'^„-module M, 


Indy’-r^M := M. 


Lemma 3.1. (a) is a free right Y^^^-module with basis 

{Xjt^-gj • • • 5 fn I 0 < a < d, 0 < 6 < r, 1 < j < n + 1}. 

(6) As {Yf^n,Y^^n)-bimodules, we have 

Yd. _ CD Y°- 

^r,n+l ~ ^r,nyn.^r,n^ ^X/ vP ^n+l''n+l^ r,n- 
0<a<d0<b<r 

(c) For 0<a<d, 0<b<r, there are isomorphisms 

yd ^ (9) j ntifl X°‘ — Y’^ Y^ — Y' 

^r,nyn-^r,n ^^y^n-i ^UjIlll ^ r,n^ ^n-\-l-^r,n r 


d 

r.n 


of Y^^)-bimodules. 


Proof, (a) By Theorem 12.71 and dimension considerations, we just need to check that 
Yrn-ei generated as a right y/„-module by the given elements. This follows using 
Lemma EH 

{b) It suffices to notice, using (a) and Lemma EH that 

{Xjt’jgj ■ ■ ■ gn\0 < a < d, 0 <b <r, I < j < n} 

is a basis of Y^^gnY^^ as a free right T/^-module. 

(c) The isomorphisms and = y/„ are clear from (a). Further¬ 

more, the map 

Yr,n X ^ ^r,n9nYr,n, (u, v) UgnV 
is y/„_]^-balanced, since gn centralizes y/„_^. So it induces a homomorphism 

’ r,n —1 ’ ’ ’ 

of (y/„, y/„)-bimodules. By (a), y/„ (8)yd y/„ is a free right y^'^^-module with basis 

’ ’ ’ r,n—l ’ ’ 

{Xjt’jgj ■ ■ ■ gn-i (8)l|0<a<d, 0<6<r, l<j< n}. 

But <I> maps these elements to a basis for Yf^^gnYrn a free right y/„-module, using a 
fact observed in the proof of (6). This shows that <h is an isomorphism. □ 


We have now decomposed y/„+i as a (y^'^„, y^'^„)-bimodules. Using Lemma IXTI di and 
(c), the standard argument yields the following result. 


Theorem 3.2. Let XI be a Y.f.^-module. Then there is a natural isomorphism 
1 

Res, 


r,n 

Y'd 


^’""+^Indl;y+^M ^ © IndJ;r+^ 


ResJ-r+'M 

^ r.n 


of Y^ymodules. 
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4. Duality for cyclotomic Yokonuma-Hecke algebras 
Yr,n possesses an anti-automorphism r defined on generators as follows: 

"T ■ Qi di, ) tj tj 

for all i = 1,..., n — 1, j = 1,..., n. If M is a finite dimensional l^^n-niodule, we can 
use r to make the dual space M* into a Yr-^n-module denoted by M'^. Since r leaves the 
two-sided ideal dd invariant, it induces a duality also denoted by r on and on finite 
dimensional Y/„-modules. 

yd 

In this section, we will prove that the induction functor IndD"^"^^ commutes with the 

-^r,Ti 

r-duality. Let us first give some preliminary work. 

Lemma 4.1. For 1 < i < n and a > 0, we have 

a—1 r—1 

an--- aiXfgi ---gn = ^n +1 + (terms lying in Y^^^gnY^^^ Y EE 

k=l s=0 

Proof. We prove it by induction on n = z, z + 1,.... In case n = 

a—1 

giXfgi = + {q- q~^eigi)\ - (q - q~^)ei X^-^X^ai - (q - a~^)eiX^+iai 

k=l 

a—1 k 

= X'Vi -(q- q-^)e. Y + (? " Y ^Pxl,] 

k=l 1=1 

= Y'Vi - («-1-'); E E 

k=l s=0 

- io-rY-Y.Y'EYAiK-Y. 

k=l 1=1 s=0 

the result follows from the calculation above. The induction step is similar, noting that 
gn centralizes □ 

From Lemma l4.11 we can easily get the following result. 

Lemma 4.2. IFe have 

d—1 r—1 

Xn+i = —CLd + (terms lying in Y^,^gnY^,^ + EE ^n+l^n+l^,n) • 

k=l s=0 

Lemma 4.3. There exists a (Y^^^,YY-bimodule homomorphism 0 : —)• Yf-,^ such 

that ker 6 contains no non-zero left ideals ofY^^_^^. 

Proof. By Lemma l3.If 61. we know that 

r—1 d—1 r—1 

rib fb vd m /Tn riA VO, J> frs Yd „ V‘^ 

^ r,n-\-l ^ r,n ^ \I/ ^n-\-l ^ r,n ^ \I/ \X/ ^^H-I^^t-H-I ^ ^ ^ r^ny^ ^ r^n 

b=l a=l b=0 
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as a Y'^'^„)-bimodule. Let 9 : —>• be the projection on to the first sum¬ 

mand of this bimodule decomposition, which by Lemma Eire) is a lj,'^„)-bimodule 
homomorphism. So it suffices to prove that ii y € L"/n+i bas the property that 9{hy) = 0 
for all h G then y = 0. By Lemma EUa), we may write 

d—1 r—1 d—1 r—1 n 

!' = EE ^n+l^n+l^CL,h “b EEE ^j9j ■ ■ ■ 9n'^a,b,j 

a=0 6=0 a=0 6=0 j=l 

for some elements ta^b, '^a,b,j G ^rn- 

As 9{y) = 0, we must have to,o = 0. Now 6(Xn+iy) = 0 implies that —adtd-ifi = 0 by 
Lemma 14.21 that is, td-i,o = 0. Similarly, td- 2,0 = ■■■ = ti,o = 0. As 9{t~^iy) = 0, we 

must have to,i = 0. Now 9{Xn+it~^-^y) = 0 implies that —adtd- 1,1 = 0 by Lemma 14.21 

that is, td-i,i = 0. Similarly, td- 2,1 = • • • = ti^i = 0. Similarly, we have to ,2 = td- 1,2 = 

• • • = tl,2 = • • • = to,r--l = td-l,r-l = ■ ■ ■ = = 0. 

Next, considering 9{gny) = 0, we get no,o,n = 0 by Lemma EH Since 9{Xn+i9ny) = 
0, we get —CLdUd-ifl,n = 0 by Lemma 14.11 and 14.2) that is, Ud-ifi,n = 0. Consider¬ 
ing e{Xlj^]^gny) = ••• = e{Xf^~\gny) = 0, we similarly get that Ud- 2 fi,n = ••• = 
iii.o.n = 0.0. Since 6{t~\^gny) = 0, we get tto,i,n = 0. Considering = 

= • • • = = 0, we get that -adUd-i,i,n = -adUd- 2 ,i,n = 

• • • = -OrfUggn = 0, that is, Ud-i,i,n = Ud- 2 ,i,n = ■■■ = ttggn = 0. Next, consider¬ 
ing 0{t^j^igny) = 9{Xn+lt^_^_igny) = ••• = 9{X^j_-^t^_^^gny) = 0, . . . , ^ 9ny) = 

e{Xn+lt~^^^^gny) = ■■■ = 9{X^~\t~^^^^gnV) = 0, we get that 'Uo, 2 ,n = '«d-l, 2 ,n = • • • = 

^l,2,n — 0, . . . , Uo,r—l,n — l,r—l,n — ' ' ' — l,n — 0. 

Repeat the argument again, this time considering 9{gngn-iy),9{Xn+ign9n-iy), ■ ■ ■, 
9{X^_^^gngn—iy) J 9(t^_^^gngn—iy)i 9{Xn-\-lt^_^_^gngn—iy)j 9{X^_^^tj^_^_^gngn—iy)^ • • • ) 9{t^_^_^ 

9n9n-iy), • • •, 9{X!^~\t~^^^^ gngn-iy), to get that all Ua,b,n-i = 0for0<a<d-l and 
0 < 6 < r — 1. Continuing in this way we eventually arrive at the desired conclusion that 
y = 0. □ 


Now we will prove the main result of this section. 

Theorem 4.4. There exists a natural isomorphism 

'^r,n+l ^ M) 

for all Y^^-modules M. 

Proof. We show that there exists an isomorphism 

^ Homy.jy;f„+y 

of {YrUi , y^‘^„)-bimodules. Then, applying the functor ? <8iyd^ M, we obtain natural 
isomorphisms 

YrUi M Homy.jy;f„+i, y;fj m - Homy^.jy;f„+i, m) 
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as required. Note that the existence of the second isomorphism here follows from the fact 
that is a projective left y/^-module and [AF, 20.10]. 

To construct ^p, let 0 be as in Lemma 14.31 and define (p{h) to be the map for each 
h € where 

^ h' ^ eih'h). 

We can easily check that tp, which is defined above, is then a well-defined homomorphism 
of {YrUi , l^'^„)-bimodules. To see that it is an isomorphism, it suffices by dimension 
considerations to check that it is injective. If (p{h) = 0 for some h G then for every 

0{xh) = 0, that is the left ideal is contained in Ker 6. So Lemma 031 

implies /i = 0. □ 

Corollary 4.5. Y^^ is a Frobenius algebra, that is, there is an isomorphism of left Yff^- 
modules Yff^ = Hom 3 j(y/„, Ik) between the left regular module and the tR-linear dual of the 
right regular module. 


Proof. Proceed by induction on n. In case n = 1, it is obvious. For the induction step. 


'\/’d 'W'd 
^ r,n 


r,n—l 


Y 


r,n—l ^ r,n n—15 

’ ’ r,n — l ’ 




^ Honiyd 3i)) ^ 0^^ Y^^ Ji) 

r,n—l ’ ’ ’ r’,n—1 ’ 

^Hom3,(y;f„,3l), 

applying Theorem 14.41 and adjointness of (8> and Horn. 


□ 


.y 


The following result says that the induction functor commutes with r. 

^ r,n 


.y 


d 


y 


Corollary 4.6. The exact functor IndTj"^ is both left and right adjoint to ResTj' 

r nr] T- ' 


r,Ti+l 


r,7i 


Moreover, it commutes with the r-duality in the sense that there is a natural isomorphism 

= (IndyT+'M)" 

r,n ^ r,n 

for all finite dimensional Yj^„^-modules M. 

"yd yd 

Proof. The fact that IndJ)”'"''^ = y/„_|_i(8>yd ? is right adjoint to ResJ)'*^^ is immediate 

^r,n ' ^r,n 

from Theorem 14.41 since Hoiuy^d^ ?) is right adjoint to restriction by adjointness of 

(8> and Horn. But on finite dimensional modules, a standard check shows that the functor 

yd yd 

T o Indw"'*'^ o r is also right adjoint to restriction. Now the commutativity of Ind.T^"^^ 

^r,n ^r,n 

and T follows by uniqueness of adjoint functors. □ 


5. Combinatorics 

In this section we will review the notations and combinatorial tools that we will need 
in the sequel. 
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Let s = {1, 2,..., n}. For any nonempty subset / C s we define the following element 
El by 


El Cij, 


where by convention Ej = 1 if \I\ = 1. 

We also need a further generalization of this. We say that the set A = {7i, I 2 , ■ ■ ■, Ik} 
is a set partition of s if the Ij's are nonempty and disjoint subsets of s, and their union 
is s. We refer to them as the blocks of A. We denote by SCP^ the set of all set partitions 
of s. For A = {/i, I 2 ,..., Ik} S SfPn we then define Ea ■= Oj Ei^. 

We extend the right action of &n on s to a right action on by defining Aw := 
{/lie,..., Ikw} € STn for w G &n- Then we can easily get the following lemma. 


Lemma 5.1. For A G cmd w G 6n, we have 

9wEa — Eaw~^9w- 

In partieular, if w leaves invariant every block of A, or more generally permutes some of 
the blocks of A, then commutes with Ea- 


pL = {pLi,..., Hk) is called a composition of n if it is a finite sequence of nonnegative 
integers whose sum is n. A composition // is a partition of n if its parts are non-increasing. 
We write /i |= n (resp. A h n) if /i is a composition (resp. partition) of n, and we define 
\p.\ := n (resp. |A| := re). 

We associate a Young diagram to a composition pL, which is the set 

M := {(hi) h > 1 and 1 < j < /ij. 

We will regard [p] as an array of boxes, or nodes, in the plane. For p \= n, we define 
a /i-tableau by replacing each node of [p] by one of the integers 1 , 2 ,... , re, allowing no 
repeats. 

For p \= n, we say that a //-tableau t is row standard if the entries in each row of t 
increase from left to right. A //-tableau t is standard if // is a partition, t is row standard 
and the entries in each column increase from top to bottom. For a composition p of re, 
we denote by the //-tableau in which 1 , 2 ,..., re appear in increasing order from left to 
right along the rows of [//]. 

The symmetric group acts from the right on the set of //-tableaux by permuting the 
entries in each tableau. For any composition p = {pi,..., pk) of re we define the Young 
subgroup 6 ^ := x • • • x which is the row stabilizer of t^. 

Let A = (Ai,..., Afc) and p = (//i ,..., pi) be two compositions of re. We say that A > // 
if 

3 3 

^ Ai > ^ //j for all j > 1 . 
i=l i=l 

If A > // and A 7 ^ //, we write \\> p. 

We extend the partial order above to tableaux as follows. If D is a row standard 
A-tableau and I < A: < re, then the entries 1,2, ...,A: in D occupy the diagram of a 
composition; let 04 .^ denote this composition. Let A and p be two compositions of re. 
Suppose that s is a row standard A-tableau and that t is a row standard //-tableau. We 
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say that s dominates t, and we write s > t if > i^k for all k. If 5 > t and s / t, then we 
write s I> t. 

Let d € Z>i. A d-composition (resp. d-partition) of n is an ordered d-tuple A = 
, A^'^)) of compositions (resp. partitions) A^^) such that Ylk=i By 

[ChPA2, §3.1], the combinatorial objects appearing in the representation theory of the cy- 
clotomic Yokonuma-Hecke algebra will be (r, d)-compositions (resp. (r, d)-partitions). 
By definition, an (r, d)-composition (resp. (r, d)-partition) of n is an ordered r-tuple 
A = (AB)j ... j A(^)) = ((A^^\ ..., A^^^),..., (A^^\ ..., A^^^)) of d-compositions (resp. d- 
partitions) (A^^\..., A^^^) (1 < A: < r) such that Ylk=iYl'j=i\^f^^\ = We denote by 
(resp. the set of (r, d)-compositions (resp. (r, d)-partitions) of n. We will say 

that the Lth composition (resp. partition) of the A:-th r-tuple has position {k,l). 

A triplet 6 = {6, k,l) consisting of a node 6, an integer k G {!,...,r}, and an integer 
I G {1,... ,d} is called an (r,d)-node. We call k the r-position of 6 and I the d-position 
of 6. We shall also say that the (r, d)-node 6 has position {k,l). For each A G (resp. 
^rn), we shall denote by [A] the set of (r, d)-nodes such that the subset consisting of the 

(r, d)-nodes having position {k,l) forms a usual composition (resp. partition) Ap\ for any 
/c G {1,..., r} and / G {1,..., d}. 

Let A = ((A^^\ ..., A^^^),..., be an (r, d)-composition of n. An {r,d)- 

tableau t = ((4^\ ..., ..., (4’'\ ..., of shape A is obtained by placing each 

(r, d)-node of [A] by one of the integers 1, 2,..., n, allowing no repeats. We will call the 

(k) 

number n the size of t and the t) ”s the components of t. Each (r, d)-node 0 of t is labelled 
by ((a, b), k, 1) if it lies in row a and column h of the component of t. 

For each /x G Q^ni (r, d)-tableau of shape is called row standard if the numbers 
increase along any row (from left to right) of each diagram in [/xj. For each A G 
(r, d)-tableau of shape A is called standard if the numbers increase along any row (from 
left to right) and down any column (from top to bottom) of each diagram in [A]. From 
now on, we denote by Std(A) the set of all standard (r, d)-tableaux of size n and of shape 
A, which is endowed with an action of &n from the right by permuting the entries in each 
(r, d)-tableau. 

For each A G we denote by t— the standard (r, d)-tableau of shape A in which 
1, 2 ,..., n appear in increasing order from left to right along the rows of the first diagram, 
and then along the rows of the second diagram, and so on. 

For each A = ((A^^\ ..., A^^^),..., (A^^\ ..., G we have a Young subgroup 

®A •= X • • • X 6^(1) X • • • X 6^(r) X ■■■ X 6^(r), 

^'1 

which is exactly the row stabilizer of t—. 

For each A G and a row standard (r, d)-tableau s of shape A, let d(s) be the element 
of 6n such that s = t—d(s). Then d(s) is a distinguished right coset representative of Sx 
in 6n, that is, l(wd(5)) = l{w) + l{d{5)) for any w G ©a- In this way, we obtain a 
correspondence between the set of row standard (r, (i)-tableaux of shape A and the set of 
distinguished right coset representatives of ©a in ©n- 
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Definition 5.2. Let A be an (r, d)-composition of n such that t is an (r, h)-tableau of 
shape A. For each a = 1,2, we write Pt(a) = (Pt («)) pf(«)) •= (^)O if ® appears 

in the component of t. We say that an (r, h)-tableau i of shape A is of initial kind if 
Pt(a) = PtA(fl) for all a = 1, 2,... , n. 

We define a partial order on the set of (r, (i)-compositions and (r, (i)-tableaux, which is 
similar to the case of compositions and tableaux. 

Definition 5.3. Let A = ..., ..., ..., and ^ ..., 

..., ..., be two (r, (i)-compositions of n. We say that A dominates fi, and we 

write A > /X if and only if 

fc—1 d l—l p k—l d 1—1 p 

E E I + E i^f I + E\‘? ^ EE Id”!+E id-L+Ed? 

2=1 j = l j = l 2=1 2=1 j = l j = l 2=1 

for all k, I and p with l<k<r, l<l<d and p > 0. If A > /x and A / /x, we write 

A > 

We extend the partial order above to row standard (r, (i)-tableaux as follows. If ti is a 
row standard (r, d)-tableau of shape A and 1 < k < n, then the entries 1 , 2 ,... , A: in o oc¬ 
cupy the diagrams of an (r, (i)-composition; let shape( 04 ,fc) denote this (r, d)-composition. 
Let A, /X G Qr,n- Suppose that s is a row standard (r, (i)-tableau of shape A and that t is 
a row standard (r, d)-tableau of shape /x. We say that s dominates t, and we write s > t 
if shape(S|fc) > shape(t 4 _fc) for all A:. If s > t and s 7 ^ t, then we write s [> t. 


6. Cellular bases of cyclotomic Yokonuma-Hecke algebras 


In this section, largely inspired by the results of [DJM] and [ER], we shall construct an 
explicit cellular basis of the cyclotomic Yokonuma-Hecke algebra 
Let us first recall the definition of a cellular basis following [GL]. 


Definition 6.1. Let k be an integral domain. An associative A:-algebra A is called a 
cellular algebra with a cell datum (A, M, C, i) if the following conditions are satisfied: 


(Cl) The finite set A is partially ordered. Associated with each A G A there is a finite 
set Mix). The algebra A has a A:-basis where (s,t) runs through all elements of 
M(A) X M(A) for all A G A. 

(C2) The map i is a A:-linear anti-automorphism of A with = id which sends to 


cK. 


(C3) For each X € A, s,t & M(A) and each a G A, the product Cg ^a can be written as 
YlueM{X) where r^(a) G A: is independent of s and A^^ is the A:-submodule 

of A generated by {Cg, ^, \ p > X; s', t' G M(/x)}. 


We now fix once and for all a total order on the set of r-th roots of unity via setting 
Ck ■= for 1 < A: < r. Then we define a set partition Ax G STn for any (r, d)- 

composition A. 
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Definition 6.2. Let A = ..., ... , (a(^^\ ..., S ^i,n- Suppose that we 

choose all 1 < ii < i 2 < • • • < ip < r such that (A^*^\ ..., (A^*^\ ..., 

...,A^*’’^) are nonempty. Define := I for 1 < A: < p, where |Afo')| = 

d (i-) 

'^ 1=1 |A;^ ^ |. Then the set partition Ax associated with A is dehned as 

:= {{1, • • • , oi}, {«! + 1, • • •, 02 }, • • • , {op-i + 1, • • • , n}}, 

which may be written as Ax = ■ ■ ■, Ip}, and is referred to the blocks of Ax in the 

order given above. 

The following lemma can be easily proved, which we shall use frequently in the sequel. 

Lemma 6.3. Let Ax = {Ii, I 2 , ■ ■ ■, Ip} and let ki,k 2 G Ik for some 1 < k < p. Then we 
have 

I'kiHAx — LjAx^ki — — ^Axl'k2’ (^T) 

From the basis Theorem 12.71 we can get that U acts diagonalizably on with minimal 
polynomial — 1 = — Q). Hence, if we define Ui^k = — Q), we get that 

Ui^k is the eigenspace for the action of ti on with eigenvalue Ck, that is, 

{y € I Uy = Cky} = Ui^kXr^^. 

This motivates us to give the following definition. 

Definition 6.4. Let A = ((a|^^\ ..., A^^^),..., (A^^\ ..., A^^^)) G Qi^ni fot := 
|A^*-^'i| (1 < A: < p) be dehned as above. Then we dehne 

'a\ 'aai,ii'aa2,i2 ■ ■ ■ 'aap,ip- 

From Lemma 16.31 and the dehnitions we can easily get the following lemma. 

Lemma 6.5. ITe set Ux ■= uxEax- Ax = ■ ■ ■ ,Ip} and let kd be any element 

of Id- Then we have 

p 

Ux = Uk^^i^EAx- 

d=i 

In partieular, we have for any i € Id that 

tiU\ = CidU\- (6.2) 

Definition 6.6. Let A = ((A^^\ ..., A^^^),..., (A^’'\ ..., A^^^)) G Associated with A 
we can dehne the following elements af and bk- 
1—1 k—1 d 

»h=Ei^S>i, f-t-EE I Ap^ I for 1 < A; < r and 1 < Z < d. 

m=l j=l i=l 

Associated with these elements we can dehne an element := Ua,iUa ,2 • • • u^^r, where 

d “f 

«=li=l 
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We can now define the key ingredient of the cellular basis for 

Definition 6.7. Let A £ and define as above. Let x\ = Then 

we define the element mx of as follows: 

mx := Uxutxx = uxEAx^t^x- (6.3) 

The following lemma gives some basic properties of the element mx- 

Lemma 6.8. (a) suppose that X = ..., ..., ..., £ S^,^, and let 

a = (|A^^^ I,..., |A^^^ I,..., lA^*”^I,..., |A^^^I). If w € ©«) then g-u, commutes with Ux and 
u^, respectively. In particular, we have that 

mx = uxEAxX\ut = uxxxEAxut = xxuxEaxU^ = xxutuxEAx- (6-4) 

(6) If eij does not appear in the product Ea^ , that is, if i and j occur in two different 
blocks of Ax, then we have UAx^i,j = 0- 

Proof, (a) Lemma 15.11 implies that gw and Ea^ commute for w £ Ga- Moreover, from 
the definition of ui^k we get that Ui^kdw = gwUiw,k, and so Lemma 16.51 implies that gw 
commutes with ux for w £ ©„. 

(5) It follows from Lemmas 16.31 and 16.51 □ 

Lemma 6.9. Assume that A £ Qfn- Then we have the following equation: 

mxgw = q^^^^mx for all w £ Gx- (6-5) 

Proof. For any i such that Si £ Gx, we have 

mxgi = ^ q^^'^^uxEAxgwgi + ^ qh^'^uxEAxgwsigf - 

l{wSi)>l{w) l{wSi)<l{w) 

Since wsi £ Gx, we have EAxhwsi = gwsiEAx by Lemma [5Tl While EAxgj = -®Aa(1 + 
{q — q~^)gi), thus we have 

mxgi = ^ q^^'^^~^uxEAxgw + ^ q^^'^^uxEAxgwsi 

l{wSi)<l{w) l(wSi)<l{w) 

+ q^^'^Hq - q~^)uxEAxgw 

w€6x 

l{wsi)<l(w) 

=qmx. 

We are done. □ 

In this section, let us rewrite the anti-automorphism r on Y^^ introduced in Section 4 
by *, which is determined by 

g* = gi, t* = tj, X* = Xj for 1 < i < n — 1 and 1 < j < n. 

Definition 6.10. Let A £ and let s and t be two row standard (r, d)-tableaux of 
shape A. We then define mxgd(i) ■ 
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Since m\ = nix, we have = mta- 

One of the aims of this section is to show that the elements as (s, t) runs over the 
ordered pairs of standard (r, (i)-tableaux of the same shape, give a cellular basis of 

Lemma 6.11. Suppose that A G and that s and t are row standard {r,d)-tableaux 

of shape X. For each h G Yr^n, we have that m^ih is a linear combination of terms of the 

form ruso, where t) is a row standard {r,d)-tableau of shape X. 

Proof. The proof is similar to that of [ER, Lemma 16] by using the basis Theorem 12.71 

and the fact that mxU = ^ ^d- We skip the details. □ 


The proof of the next lemma is similar to that of [DJM, Lemma 3.17]. 

Lemma 6.12. Suppose that X = ..., ..., ..., and let 

a = (JA^^^j,..., jA^^^j,..., jA^^^j,..., JA^^^j). Suppose that w is a distinguished right coset 
representative of&a in ©„ and that 5 is a row standard (r, d)-tableau of initial kind. Then 
the following hold: 

(a) The tableau 5w is row standard. Moreover, if s is standard then sw is standard. 

(b) If t is a row standard (r, d)-tableau of initial kind with s O t then 5w O to. 


The proof of the following proposition is inspired by the proof of [DJM, Proposition 
3.18] and [ER, Lemma 17]. R allows us to restrict ourselves to the case of (r, (i)-partitions. 

Proposition 6.13. Suppose that X G and that5 andi are row standard {r,d)-tableaux 
of shape X. Then m^i is a linear combination of terms of the form where u and 0 
are standard (r, d)-tableaux of shape pi such that u > s, 0 > t and pi G 


Proof. When r = d = 1, we can adapt the proof of [Mu, Theorem 4.18] (see also [Mai, 
Lemma 3.14]) to our setting by using Lemma 16.91 among other things. Thus we can 
conclude that it is true in this case. 

In the general case, suppose that A = ((A^^\ ..., ..., (A^^^ ..., A^^^)) G and 

let a = (|A^^^|,..., [A^^^j,..., ..., [A^^^]). We may write s = s'wi and t = t'w 2 , where 

s' and are row standard (r, d)-tableaux of shape A of initial kind, and wi and W 2 are 
distinguished right coset representatives for 6a in ©„■ Then we have d(s) = d{5')wi, 
d{t) = d{i')w 2 and l{d{5)) = /(d(s')) + l{wi), l{d{{)) = l{d{t')) -\-l{w 2 ). Therefore, we have 
"1st = Qw^ms'i'gwi, and 

"is't' = 9d{s')'^X.^Axutx\gd{i') = "at45d(s')®Add(t')- 


We may write g*fi[B')^X.9d{t') as a product of rd commuting terms, one for each component 
of A; that is, 

* (1) (1) (r) (r) 

gd(B>)X\gd[i') = x\' ■■■x\' ■■■x\' , 

where the {k, /)-th term xf^'^ involves only elements g^ with w G 6{{bk + + 1, + af + 

2,...,bk + af_^_J). Eor example, = g*^^^,(i)^x^(i)g^^^,(i)y where (resp. is the 
first component of s' (resp. t'). 


By applying the results of the special case r = d = 1, we may write each Uxx 


(k) 


as 


a linear combination of terms U\g*^^ where and are standard 
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/i[^^-tableau for some partition such that = |Ap^|, and satisfy and 

0; ^ ^ . We then conclude that is a linear combination of terms of the 

form where u' and d' are standard (r, d)-tableaux of shape /x for some 

(r, d)-partition /x of n, and moreover, u' > and d' > th We also have that u' and s' are of 

initial kind, and = |Ap^| for all 1 < k < r and 1 < / < d. Therefore, rrigni is a linear 
combination of elements 

'^a^t£9d{u')^l±9d{v') — 9d(u')^t±9d{v') — IHu'bG 

where the sum runs over the same set of pairs (u', d') as above. Thus, 
is a linear combination of terms g^^mui^rgui^- 

Since u' (resp. s') is of initial kind and wi (resp. W 2 ) is a distinguished right coset 
representative for &a in &n, we have, by Lemma [6.12 1 u = u'xci (resp. d = d'u; 2 ) is 
standard, and u'xci > s'xci (resp. d'u ;2 > t'u; 2 ); that is, u > s (resp. d > t). So we have 
9 wi'^vi'x>' 9 w 2 — We have proved the proposition. □ 

Combining Lemma [6 .11 1 and Proposition 16.131 we immediately get the following result. 

Corollary 6.14. Suppose that A G and that s and t are row standard {r,d)-tableaux 
of shape A. Ifh€ Yr^n, then m^ih is a linear combination of terms of the form muo, where 
u and d are standard {r, d)-tableaux of shape /x for some {r,d)-partition /x such that u>s 
and pL\> X. 

The proof of the following proposition is inspired by the proof of [DJM, Proposition 
3.20], which shows what happens when we multiply by Xi. 

Proposition 6.15. Suppose that X = ..., ... , ..., G 7r,n 

that s and i are standard (r, d)-tableaux of shape A. Then nisiXi = xi + X 2 , where 

(1) xi is a linear combination of terms of the form where u and d are standard 
(r, d)-tableaux of shape X with u ^ s, and 

(2) X 2 is a linear combination of terms of the form rUuD, where u and d are standard 
(r, d)-tableaux of shape /x for some (r, d)-partition with /x O A. 

Proof. Let a = ((|A^^^|,..., |),..., (jA^''^|,..., ])), and let c= {c\,... ,c\,... ,c\, 

..., c^), where 

1—1 k—1 d 

cf = af + bk = Ei^S’i + EE jAp^l for 1 < A: < r and 1 < / < d. 

m=l j=l i=l 

We write d(t) = yc with y G ©« and c a distinguished right coset representative for 
Gq in &n- Then the a-tableau t“c is row standard. Assume that 1 is in row j of the A:-th 
component of t"c with 1 <k <r and 1 < j < d. 

Let c = {Cj,Cj + l)(cj — 1, c^) • • • (1, 2)c', where /(c) = + /(c') and c' hxes 1. Thus, 

9c = 9c^:9p-i • • • 9i9c' and gc'Xi = XiPc'. Let b = (c},..., c^,..., c^,..., c^_i, + 

1, c^+i,..., c^,..., c^,..., c))). Then we have 

dc^i = utg^kg^k_i • • • = n+/ii + u'lh2 
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for some /ii, /12 G Yr,n by the same argument as in [DJM, Lemma 3.4], Since y G &a and 
is standard, y fixes + 1; therefore, ffy commutes with Hence we have 

~ 9c^i 

= 9d{s)'^xEAxXx9y{uthi + U^h2) 

= 9*d{s)'^x^AxXx{utgyhi + u^gyh2). 

The hrst term, g'^^^^uxEAxXxu^gyhi, is a linear combination of terms of the required 
form by Corollary 16.141 If j = 1, then = 0. Assume that j > 2. We turn our attention 
to the second term g*^^^-^uxEAxXx'u^gy^ 2 - 

We define an (r, d)-composition 1 / = ..., • • •, • • • j of n by = 

for k and 1 < g < d, = Af ^ for i ^ j - 1, j, ■ ■ ■ > 1) and 

~ 1) A^-^ 2 ^ • • •)• Note that O A. 

i k') Ic Ic 

Let I = Aj {. Let Gi be the symmetric group on these numbers cj + 1,..., + 1, and 

let G 2 be the symmetric group on these numbers + 2,..., + 1. Let ci, C 2 ,..., c; be 

the distinguished right coset representatives for G 2 in Gi, ordered in terms of increasing 
order. Let u* = Ccid(s) for 1 < i < L 

Then by the same argument as in the proof of [DJM, Proposition 3.20], we can get that 

i 

9*d{B)UxEAxXxu^ = gd(s)'^9ciX^uxEAxU^ 

i=l 

I 

i=l 

I 

= '^Tn^A''- 

i=l 

Hence, g2(s')'^xEAxXxu^gyh2 is a linear combination of terms of the required form by 
Corollary 16.141 We have completed the proof of this proposition. □ 

The proof of the next lemma is similar to that of [ER, Lemma 15] by using Lemma 

ESlb). 

Lemma 6.16. Suppose that A G that 5 and t are standard {r,d)-tableaux of 

shape A. If i [resp. j) occurs in the component {resp. of i with k / k', then we 

have msiCij = 0. 

Let us denote by the IR-subalgebra of generated by ti,t 25 ■ ■ ■ itn- Using Lemma 
16.161 we can prove the following proposition by the same argument as in [ER, Lemma 18 
and Proposition 1]. 
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Proposition 6.17. We set 

:= jsls G Std(((0),..., , ((0),... , (I"’’))), where n* > 0 and n* = n|. 

l<i<r 

Then for all s G M„, we have m^s belongs to T„. Moreover, the set {m^s | s G M,i} is an 
01-basis ofTn- 

Now we can state the main result of this section, which is in fact a generalization of 
[ER, Theorem 20]. 

Theorem 6.18. The cyclotomic Yokonuma-Hecke algebra is a free Ol-module with 
basis 

'Bf^ = {m^i I s, t G Std(A) for some (r, d)—partition X of n}. 

Moreover, is a cellular basis ofYf^,^. 

Proof. By Proposition 16.171 we have that 1 is an IR-linear combination of elements for 
some standard (r, (i)-tableaux s. Hence, using Corollary 16.141 and Proposition 16.151 we get 
that spans By the basis Theorem 12.71 is free of rank {rd)^n\. On the other 

hand, it is easy to see that the cardinality of 13^„ is {rd)^nl. Thus, we must have that 
is an fk-basis of Yff^. 

Finally, the multiplicative property that must satisfy in order to be a cellular basis 
of can be deduced by the same argument as in [DJM, Proposition 3.25]. We skip the 
details. □ 

7. Jucys-Murphy elements for cyclotomic Yokonuma-Hecke algebras 

In this section, inspired by the results of [ER, Section 5], we shall show that the Jucys- 
Murphy elements Xi and U {1 < i < n) for Yf^, with respect to the cellular basis of 
obtained in Theorem 16.181 are JM-elements in the abstract sense dehned by Mathas 
(see [Ma2]). For the split semisimple we then apply the general theory developed 
in [Ma2, Section 3] to define the idempotents Ft of y^'^„ and deduce some properties of 
them. 

7.1. Jucys-Murphy elements. 

Definition 7.1. Let t be an (r, (i)-tableau of shape A and suppose that the (r, (i)-node 
0 of t labelled by ((a, b), k, 1) is filled in with the element i {1 < i < n). Then we define 
the content of i as the element ct(f) := and the r-position of i as the element 

p[(z) := k, respectively. 

Definition 7.2. Let k be an integral domain. Given a /c-algebra A with a cellular basis 
C = j A G A, s,f G M(A)}, where each set M(A) is endowed with a poset structure 
with ordering [>x, we say that a set L = {Li,..., L„} C A is a family of JM-elements for 
A with respect to the basis C if it satisfies the following conditions: 

(1) L is a set of commuting elements and L* = Lj for each 1 < i < n. 
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(2) There exists a set of scalars {Ct{i) \ t G M{X), 1 < i < n} such that for all A G A 
and G M(A) we have that 

Y. modA>^ (7.1) 

veM{\) 

V\>xt 

for some R^t £ k and 1 < i < re. 


Ct{k) = 


The next proposition claims that the following set 

{-^15 • • • ; kj2n \ k/k k^n+k ^k 1 ^ ^ ^ n} 

is a family of JM-elements for with respect to the cellular basis defined in Theorem 

Era 

Proposition 7.3. {Xr,ni'k>r,n) *-5 ® cellular algebra with a family of JM-elements Lyd ■ 
Proof. We need to verify that the elements of Lyd satisfy the conditions in Definition 

^ r,Ti 

[721 By ([22]), Lyd consists of a set of commutative elements. 

^ ^ r,n 

We have proved that is a cellular basis of with respect to the dominance order 
> on Std(A) for all A G Bor the content function on Std(A) for all A G we use 
the following elements: 

Jct(A:) if A: = 1, 2 ,... , re; 

\Cp[(fc-n) if A: = re +l,re + 2 ,... ,2re. 

By an argument which is similar to [ER, Lemma 19], we see that the elements Ln+fc 
(1 < A: < re) satisfy the condition (j7.1|l in Definition 17.21 Thus, we only need to check the 
cases A: = 1,2,..., re. 

Suppose that A = (AB), ..., A’^''^) = ((A^^\ ..., A^^^),..., (a[^\ ..., Y"')) G and 

that tA = (A" ,..., A'') = ((tAS"...., tAi"( ia!”’,.... lAf>)). 

Let US first consider the case when t = ..., ..., ..., t^^^)) is a standard 

(r, d)-tableau of shape A and satisfies p[(i) = p]a(*) for all 1 < i < re. Suppose that k is 

in the (Z,j)-th component of t. By (|2.8I) . we have 

lYli^lXk = RT'^x(l)t(l) ■ ■ ■ ’'^^xV)^(l)Xk'IYL^x(‘+^)^(l+l) ■ ■ ■ (7-2) 

where \ ..., ^) and t*-*) = (4 *^,..., 4*4 ^ach 1 < i < r. 

We can adapt the proof of [JM, Proposition 3.7] to our case, and we get that 
is equal to 

Ci(fc)rre^x(i)t(i) + Y ^ud?^ud, (7.3) 

aGStd(A(*)) u,t)GStd(/x(*)) 

for some , ru„ G Ik. 

Set 0 := ... ,u,..., i’ •= ..., D,..., fi''^) and s := (t^i ,... ,d,, ti^'i)- 


Then s G Std(A), o, b G Std(p), where fi = (A^i,... 




(0 


, A^’'^- Moreover, by the 


definition of the dominance order, we have s[>t and /rl> A. Therefore, we have m-ab G W, 


d,t>X 
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where niab = "ijA(i)t(i) ''' ‘ ‘ ‘ ™'^A('-)t(r) Yr,n~ is the IR-submodule of generated 

by the elements {mgf, | 0, f} G Std(/i) with O A}. 

Multiplying the expression (|7.3I) on the left with and on the 

right with by CSI), we then get 

= ct(A:)m^A4 + ^ mod (7.4) 

5eStd(A) 

sot 

which shows that this proposition is true in this case. 

For t an arbitrary standard (r, (i)-tableau of shape A, we can write t = tiu), where ti is 
a standard (r, (i)-tableau of shape A such that p[j(i) = p(a(*) for all 1 < z < n and w is 
a distinguished right coset representative of 6^ in where /3 = (/3i,... ,/3r) with each 

A = Ef=i for 1 < i < r. 

Let w = Si^Si^ ■ ■ ■ Si^ be a reduced expression of w. Then we have ij and ij + 1 have 
different r-position in • • • Si^_^ for all j >l and that • • • Si^_^Si^ is obtained from 
tlSii • • • Si^_ by interchanging ij and ij + 1. By Lemmas 12.11 and 16.161 we get that 

~ (7.5) 

By the choice of ti, we can apply (j7.4p and get that 

= lci^{{k)w~^)m^x^^+ ^ mod (7.6) 

^ SiGStd(A) 7 

SlOti 

Since all the Si appearing in the summation of ()7.6I) satisfy Pg^ (i) = p[a (0 for all 1 < i < n, 
we have m^^gy;, = for some s € Std(A) with s > t, and also m^x^^gy, = m^x^. 

Therefore, we have 

m^AtAlfc = Ci{k)m^x^ + ^ asm^x^ mod (7.7) 

5eStd(A) 

sot 

where Ug = € X. We have proved this proposition. □ 

7.2. Idempotents of Y/^. Let K be an algebraically closed field of characteristic p > 0 
such that p does not divide r, which contains some invertible elements ui,..., In this 
subsection, we shall work with a specialised cyclotomic Yokonuma-Hecke algebra 
defined over K, that is, Vi G K* for 1 < i < d and g G K*. 

From Proposition 17.31 we can now apply the general theory developed in [Ma2] to 
obtain a sufficient condition for the semi-simplicity criterion of Y,ri • By [Ma2, Corollary 
2.9], we get that Yr^^ is split semisimple if 

n 

-^ g2(fc-2) ^2(fc-i)^ U U {q^'-Vi - Vj) ^ 0. (7.8) 

k=l l<i<j<d—n<l<n 

Remark 7.4. In fact, (|7.8jl is also a necessary condition on the semisimplicity of Yr,i^. 
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From now on, we always assume that the condition (j7.8p holds. In particular, we can 
apply all the results in [Ma2, Section 3]. 

We shall follow the arguments of [Ma2, Section 3] to construct a “seminormal” basis 
d IK 

of W,ri • For 1 < k < n, we define the following two sets: 


Q{k) := {ct(A:) | t € Std(A) for some A G 


and 


S(^) {Cp[(fc) I t £ Std(A) for some A G '?r,n}- 

Definition 7.5. Suppose that A G and that 5,t G Std(A). 

(i) Let 

Xk C 1 p tk C 


^.=n n 


n 


k=i '' cee{k) ^ 

c^ct(fc) 57^Cp{-(fe) 


(ii) Let e-^ = E^msiEi. 


(7.9) 


By Proposition 17.31 we can now apply the general theory developed in [Ma2, Section 
3] to get the following results. 

Proposition 7.6. (i) The set {e^ |s,t G Std(A) for some A G ® 'K-hasis ofYr,i^. 

(ii) For A, /X G ^ o,nd s, t G Std(A), u, ti G Std(/.i), we have 

= ct(A:)e^, ejfy = Cp[(fc)e^, = 5t,ue^, (7-10) 

and moreover, there exists a scalar 0 7^ 7t G K. such that 

A n jTte^ if X = fx and i = u; 

= < „ ,, - (7.11) 

I U otherwise. 

In particular, yt depends only on i and the set {e^ | s, t G Std(A) and A G is a 

cellular basis ofY.f^^. 

(hi) For A G and t G Std(A), we have Ei = :^e^. Moreover, these elements 
{El I t G Std(A) for some A G lPr,n}} 9™^ ® complete set of pairwise orthogonal primitive 
idempotents for Yr,l^. 

(iv) For A G and t G Std(A), we have 

EtXk = XkEi = ct{k)Et, Eitk = tkEi = fpr(^k)Et- (7-12) 

(v) The Jucys-Murphy elements Xi ,..., X^, ti,... ,tn generate a maximal commutative 
subalgebra ofYr^i^. 


8. Appendix. Fusion procedure for cyclotomic Yokonuma-Hecke algebras 

In this appendix, inspired by [PA], we prove tha the primitive idempotents of cyclotomic 
Yokonuma-Hecke algebras can be constructed by consecutive evaluations of a certain 
rational function. 
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Jucys [Juc] has claimed that the primitive idempotents of symmetric groups &n in¬ 
dexed by standard Young tableaux can be obtained by taking a certain limiting process 
on a rational function, which is now commonly referred to as the fusion procedure. The 
procedure has been further developed in the situation of Hecke algebras [Ch], see also 
[Nal-3]. Molev [Mo] has proposed an alternative approach of the fusion procedure for 
the symmetric group, which relies on the existence of a maximal commutative subalgebra 
generated by the Jucys-Murphy elements. Here the idempotents are obtained by con¬ 
secutive evaluations of a certain rational function. The simplified version of the fusion 
procedure has been generalized to the Hecke algebras of type A [IMO], to the Brauer 
algebras [IM, IMOgl], to the Birman-Murakami-Wenzl algebras [IMOg2], to the com¬ 
plex reflection groups of type G((i, l,n) [OgPAl], to the Ariki-Koike algebras [OgPA2], 
to the wreath products of finite groups by the symmetric group [PA], to the degenerate 
cyclotomic Hecke algebras [ZL] and to the Yokonuma-Hecke algebras [C]. 

In this section, we continue to consider a split semisimple cyclotomic Yokonuma-Hecke 
d IK 

algebra Yr,n over K; that is, we always assume that Uj € K* (1 < z < d) and g G K* 
satisfy the condition (17.Sp . 


8.1. Inductive formulae of Ei. We first introduce two rational functions, and then 
present the inductive formulae of the primitive idempotents Ei defined in (17.9p . 

For A,/i two partitions and a node 9 = (x,y) G [A], we define the hook length hx(9) 
and the generalized hook length h^(9) of 9 with respect to (A,/r), respectively: 

h\{9) := Xx + Xy — X — y + 1, ( 8 - 1 ) 

and 

h^{9) := Xx + y'y - X - y + 1. ( 8 . 2 ) 

Let A = ..., A^^^),..., (a[^\ ..., A^^^)) be an (r, d)-partition and 6 = (0, k, 1) = 

{{x,y), k,l) an (r, d)-node of [A]. We define the hook length hxiO) of 0 in A to be the 
hook length of the node 9 in the partition of A with position {k, 1), that is, 

hxie) := (9) = aS5 + Aj"/ -x-y + 1. (8.3) 

Let y be another partition. We define the generalized hook length h^{9) of 6 with respect 
to (A,/i) to be the generalized hook length of 9 with respect to (Ap\^), that is, 

/i^(0) := (9) = Apj +y'y-x-y + l. (8.4) 


Let S = {Cl) C2, • • •; Cr} be the set of all r-th roots of unity. 
A= ((Ai^\...,A^^^),...,(a[’'\...,A^'’^)), we define 

FL=n( n Kp«(»,-o). 

6 »ga ies 


For an (r, (i)-partition 


(8.5) 
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and 

p TT ( [hx{e)\, TT 

A' 111 gCc(e) li O-CC(0) 

0eA ^ ^ l<fc<d ^ 

A:^p('*)(0) 

where [a]q = + q°‘~^ + • • • + for a € Z>o. 

The following lemma can be easily proved. 

Lemma 8.1. When r = 1 and d = m, F;^ is equal to defined in [0gPA2, Sect.2.2(12)]. 



Remark 8.2. When r = 1 and d = I, the cyclotomic Yokonuma-Hecke algebra 
is exactly the cyclotomic Hecke algebra whose Schur element has been explicitly 
calculated in [ChJa, Theorem 3.2(2)] (see also [GIM] and [Ma]). By comparing (|8.6j) with 
the formula in [ChJa, Theorem 3.2(2)], it is easy to see that F;^ in (18.61) is proportional 
to the Schur element described in [ChJa, Theorem 3.2(2)]. 


Let A = ((a[^\ ..., A^^^),..., (A^^\ ..., A^^^)) € For an (r, d)-node 6 = (0, k, 1) G 
[A], we denote by [A \ 6] the set of (r, (i)-nodes after removing 9 from [A^^] and [A U 0] 

the set of (r, (i)-nodes after adding 6 to [A^^]. We then call 6 removable from A if A \ 0 
is an (r, d)-partition and addable to A if A U 0 is an (r, (i)-partition, respectively. 

For each A G and t G Std(A), we denote by c(t|i) and p*^'’^(t|i) the quantum content 
and the r-position of the (r, d)-node with the integer i in it, respectively. For simplicity, 
we set 

Cj := c(t|i) and p^ := p^’’^(t|i) for i = 1,..., re. (8-7) 


We then dehne 


and 


Ft(re) 


fT{v):= n 


«6S 


1 

v-C 


U — Cn 


n—1 

n 


(re - Cifi 


(re - rei) • • • (re - Vd) (re - Ci)^ - {q - q ^fuadp.^p^ ’ 


( 8 . 8 ) 


(8.9) 


where Jr,, n is the Kronecker delta. 

iri iFn 

we denote by 0 the (r, d)-node of t containing the number re. Since t is standard, 0 is 
removable from A. Let u be the standard (r, d)-tableau obtained from t by removing 0 
and let fi be the shape of u. 

Recall that for any hxed r-th root of unity we have 


n (e-/3) = ^r'. (8.10) 

«7^/3eS 


Then F^(re) is non-singular at re = Cp j and moreover, from (|8.5jl we have 




C, 


2'=Cp 




( 8 . 11 ) 


The following proposition can be proved in exactly the same way as in [OgPAl, Propo¬ 
sition 3.4 and OgPA2, Proposition 3]. 
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Proposition 8.3. The rational function Ft(tt) is non-singular at u = Cn, and moreover, 
we have 


Fi{u) 


“ ^ A ^ n- 


( 8 . 12 ) 


Denote by £+(/x) the set of {r,d)-nodes addable to /x. By (j7.9l) . We can rewrite Ei 
inductively as follows: 


Ei=E, n 


0'g£+(m) 

c( 0 ')^c( 0 ) 


- C( 0 ') 
c(6>) - c(6>') 


n 

0 'G£+(/£) 


in CpM(g') 

(pM(0) ~ (pM(0') 


(8.13) 


with Eig = 1 for the unique standard (r, (i)-tableau to of size 0. 

Assume that {ti,..., tfc} is the set of pairwise different standard (r, d)-tableaux obtained 
from u by adding an (r, d)-node containing the number n. Notice that t € {ti,... 
Moreover, by branching properties, we have 


k 

Eu = Y.^U- 

i=l 

We consider the following rational function in u and u; 

u — Cn V. — jj, 

V -t- 

^ H tn 


(8.14) 


(8.15) 


The formulae (|7.12p imply that (I8.15P is non-singular at u = c^ and u = Cp • Moreover, 
if we replace E^ with the right-hand side of (I8.14p . we can easily get 


u-Cn v-Cp^ ^ 
V -/■ 



11 — Ctj, 


= E,. 


(8.16) 


8.2. Fusion formulae for Ei. We first define a rational function in variables a, b with 
values in as follows: 


he- 

9i{a,h) := gi + {q- q~'^) - \ for i = 1,..., n - 1. 

a — b 

The following lemma is proved in [C, Lemma 2.1]. 

Lemma 8.4. The rational functions gi(a,b) satisfy the following relations: 
gi{a,b)gi+i{a,c)gi{b,c) = gi+i{b, c)gi{a, c)gi+i{a,b) for i = 1,. .. ,n - 1 , 

abci 


9 i{a,b)gi{b,a) = 1-{q-q 


for i = 1,... , n — 1. 


(a — by 

Recall that S' = {Ci, ■ ■ ■, Cr} is the set of all r-th roots of unity. We set 

/nge5(^- O' 


r(;^, ...,;^) := 


i=l ^ “ ** 


(8.17) 


(8.18) 

(8.19) 


( 8 . 20 ) 
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Let := ^u-x^ A: = 2,..., n, we set 

4>k{ui, ■ ■ ■ , Uk-l,u) ■= gk-l{u, Uk-l)4>k-l{ui, ■ ■ ■ , Uk- 2 ,u)gkli 

= gk-i{u,Uk-i)gk- 2 {u,Uk- 2 ) ■ ■ ■ gi{u,ui)4>i{u) ■ ■ ■ ■ gk\- ( 8 - 21 ) 

We now define the following element: 


E, 




V-tr, 


"-E, 


u=Cp 


( 8 . 22 ) 


By definition, L^u,p„ is an idempotent which is equal to the sum of the idempotents E^, 
where s runs through the set of standard (r, d)-tableaux obtained from u by adding an 
(r, d)-node 6 containing the integer n and satisfying p^^i(0) = p„. 


Lemma 8.5. Assume that n > 1. We have 

Fi[u)(l)n{ci, . . . ,Cn—l,u)Enp^ = 7^-^u,p„- 

'll A.'fi 

Proof. We shall prove the lemma by induction on re. 

When re = 1, we can write the left-hand side of (|8.23p as follows: 


(8.23) 


re — Cl 


, / N ^ re — Cl ^ 

-4>i{u)Ey^^p^ = ^:-En 


{u — vi) ■ ■ ■ {u — re — Wi 

Assume that re > 1. Note that the left-hand side of ()8.23p is equal to 

Fi{u)(gn-i + {q- + (g _ q-i)_2l£l_'| <^^(^) . g-^ ... g 

V re — c„_i / V re —Cl/ 


re - Cn- 

For /c = 1,..., re — 1, by (12.61) . we have 

-In Cfc-iefc_l 


-1 

n-l-^u,p„- 


E, 


ek(^gk-i + iq- q ^) 

= (fffc-i + {q- q~^) 


re - Cfc- 

iN Cfc-iefc i 


re - Ck- 

-1 _ -1 


i)... -I) Ain_) 

1 / V re — Cl / 

-)---(gi + {q-q-^)^^) ■ei,k+i, 

1 / \ re — Cl / 


and epfc+i ■ g^ ■■■ = g^ ■■■ • ek,n- 

Note that ek,nEu,p^ = 0 if Pfc 7^ Pn- Thus, we can write the left-hand side of (I8.23P as 
follows: 


Ft{u)(^gn-i + {q - q ^) 


-In ^Pn-l>Pn'^'T--Wn-l 


^ ^n—1 


^(gi + {q-q ).^i(re) ■ ^ • gn-iEu,p^. 


(8.24) 


Suppose first that Pj / p„ for i = 1,..., re — 1. In this situation, due to (|8.24p . we have 
the left-hand side of ^8.231) is equal to 

Fi{u)gn-i ■ ■ •£q</>i(M) -gf^ ■■■ wli^u,p„ 

= (re - c„)g„-i • --giiu - XiY^gf^ ■ ■ ■ g~\E^^^^. 


(8.25) 
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Note that 


gi{u - Xi)g^ ^(■u - X 2 ) ^52 ^ 

= {u - giXi{gi -{q- q~^)ei)){u - X 2 )~^g 2 ^ ■ • • 

= (u — X2){u — X 2 ) ^2 ■ ■ ■ 5n-l-®u.Pn + (9 ~ 9 ~ ^2) 61^2 ’ ’ ’ 

~92 ■ ■ ■ 5n—l-®u,p„ {Q ~ Q )5l^l(^ “ ^2) 92 ■ ■ ■ 5n—l®l,«--®u,p„ 

=52 ^ ■ ■ ■ 5n-l-®u,p„- 
Therefore, we have 

51 (w - Xi)-^g^^ ■ • - X2)~^g2^ ■ • •5n-i^u,p„- 

By repeating the process above on the right-hand side of (|8.25l) . we finally get that the 
left-hand side of (18.231) is equal to 

Cn)('lt Xn) T'UjP^ ) 

which is exactly the right-hand side of (I8.23p . 

Next suppsoe that there exists some / G {!,... ,n — 1} such that p; = p„. We shall fix 
the unique I such that p; = p„ and Pj 7 ^ p„ for i = / -|- 1 ,..., n — 1 . 

Assume that d is the standard (r, d)-tableau obtained from u by removing the (r, d)- 
nodes containing the integers Z -|-1 ,..., n — 1 and tu is the standard (r, d)-tableau obtained 
from d by removing the (r, (i)-node containing the integer 1. We then define 


E 


«.Pi 


^-Cp, 

v-ti 


Exo 



Since E^x, can be expressed in terms of Ai,..., A;_i and ti,..., we see that An, 
commutes with 5z“^5i+\ • • • 9n\- Note that A„Au = Ey^ = El, = Au^p^, p^ = p„ and 

twT^ ■ ■ ■ 9n\= 9T^ ■ ■ ■ 9n\'tn- Thus, we get 


^m,pi9i 5/+1 • • • 5n-i-^u,p„ — 9i ■ ■ ■ 9n-i ^ -^ro£^u,p„ 

V — tn j;=Cp, 

— 9i ^ ■ 9n-i^u,Pn- (8.26) 

By (18.261) . we can rewrite (I8.24p as follows: 

Ft(u)5„_i • • -h (g - q~^)-^^^)(j)i{ci, Q_i,u)An,,p 5"^ • ■ ■ g~\Eu,p^. 

\ U — Cl/ 

By the induction hypothesis, we have 


• • •) Oi—i, u)Exx) p, — Fn('u) Eyxj.pi ^, 

u — Xi 

Now we can use ()8.26p again to get that the left-hand side of ()8.23l) can be written as 

Ft(u)Ft,(u)"^5n-i • • • gi+i (gi + (q - - —^5/"^''' 9n-iEu,Pn- (8-27) 

Since Xn commutes with E^^p^, we can move {u — Xn)~^ from the right-hand side of 
(j8.23l) to the left-hand side. By (12.31) and the fact that e^gk+i ■ ■ ■ 5 n-i = 5 fc-i-i • • • 9n-iSk,n 
and ek,nEu,p„ = 0 for A: = / -|- 1,..., n — 1, it is easy to see that we can move gn-i ■ ■ ■ 9i+i 
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to the right-hand side. By ()8.19p . gi{u,ci) is invertible. Finally we get that (j8.23p is 
equivalent to the following equality: 

Ft(u)Ft,(u)"^(u - ci)gf^ ■ --gn^iiu - = {u- Cn){u - Xi) 


X (^gi + iq-q 


-u uei 


Cl -u 


i-(g-g gi+i---gn-iEu,p^. (8.28) 

Since p; = and Pj 7 ^ p„ for i = / -|- 1,..., n — 1, we have, by the definition (18.9p . that 

u- Cn {u- Clf 


Ft(u)F„(u)-i = 


u-ci {u- ciY - {q- q ^Yuci' 


Notice that eigi+i " vffn -1 = gi+i ' ■ ■ gn-iei,n- Since p; = p„, we have ei^nEu,p^ = £^u,p„- 
Therefore, to verify (I8.28p . it suffices to prove that 


gi ^ • --gn-iiu - ^n)-Eu,p„ = {u - Xi)(^gi + {q - q gi+i ■ ■■gn-iEu,p^. (8.29) 

By (I22D, we get that g^^gf^^ ■ ■ ■ g~^iXn = Xigigi+i ■ ■ ■ gn-i, and we can write the 
left-hand side of ^8.2911 as 


^9i ■ ■ ■ gn—i^^itPri ^igi ■ ■ ■ gn—iEii^p^. 


(8.30) 


By the fact that e/ nEu p = .Fu p and nE^ p = 0 for A: = / -|- 1 ,... , n — 1 , we can write 
p 8 . 3 np as follows: 

'^gi gi+i ■ ■ ■ gn—iExx^p^ Xigi ■ ■ ■ g^—iE^^^p^ 

=u{gi -{q- q~^)ei)gi+i ■ ■ ■ gn-iEu,p^ - Xigi ■ ■ ■ gn-iE^^^p^ 

= {u - Xi)gi ■ --gn-iEu^p^ - {q - q~^)ugi+i ■ ■ ■ gn-iEu,p^. ( 8 . 31 ) 

By definition, we have XiE^^p^ = ciE^^p^. Moreover, Xi commutes with gi^i---gn-i 
by p 2 . 8 l) . Therefore, we can write the right-hand side of p 8 . 29 p as 

{u - Xi)gi ■ ■■gn-iEu,p^ + {q - q~^){u - Xi) g;+i • ■ ■ g^-iEy^^p 

" Cl — u 

— {u Xi)gi • • • gn—iEu p {q q ){u Xi) gi+i ‘ ‘ ‘ gn—iE-a p 

Cl — u 

=(u - Xi)gi ■ ■■gn-iEu,p^ + {q- q~^) • ^ gi+i ■ • •S'n-i(w - ^i)-^u,p„ 

" Cl — u 

(it Xi')gi ■ ■' gn—iExi p E {q q ) • gi+i ''' gn—iix 

Cl — u 

={u - Xi)gi ■ ■ ■ gn-iEu,p^ - {q - q~^)ugi+i ■ ■ ■ gn-iEu,p ^. ( 8 . 32 ) 

Comparing p 8 . 32 p with (I 8 . 3 ip . we get that p 8 . 29 p holds. □ 


Recall the function cpkiui, ■ ■ ■ ,Uk-i,u) defined in p8.2ip . For each A: = 1, 
define 

/nggg(u- O' 


4>k{ui,.. .,Uk-i,u,v) := 4'k{ui, ■ ■ .,Uk-i,u) 


\ V-tk 


n, we 
(8.33) 
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and the following rational function: 

, . . . , Un , 2^5 • • • ) ^n ) • 4^n(jJ'l ; • • • j ^n)4^n—l (^1 j ■ ■ ■ j ^n—1) 

Lemma 8.6. Assume that n > 1. We have 

u-Cn v-Cp„ 


Ft (n)Ft(tt)(/)n(ci,... ,Cn-i,n,?;)£’i, 


2 —Cpn u Xji n 


-f;„ 


— 71 


Proof. By (18.Sp . we have 




V -tr. 


V -tr. 


(8.34) 

(8.35) 

(8.36) 


By (j8.22p . ()8.33p and (I8.36h . we see that (I8.35h is a direct consequence of (j8.23p . □ 


Now we can state the main result of this paper. 


Theorem 8.7. The idempotent Ei o/Y(?„ eorresponding to the standard {r,d)-tableau t 
can be derived by the following consecutive evaluations: 


Ei = 




^ 1 —Cpi 


'£lL—Cpn 


Un—Cn 


(8.37) 


Proof. Since gi commutes with if i < A: — 1, we can rewrite <l)(ui ,... ,Un,vi,..., Vn) as 
follows: 


^(ui, . . .,Un,Vl, ...,Wn) 

= ^n{ui, ■ ■ . ,Un,Vn)^n-liui, . . .,Un-l, Vn-l ) ' ' ' ^l(ui,;?^). (8.38) 

We shall prove this theorem by induction on re. For re = 0, the situation is trivial. 

For re > 0, by (|8.38p and the induction hypothesis we can rewrite the right-hand side 
of (|8.37l) as follows: 


(F^^Fa) F^F^(^^(ci, . . . , Cn —\, Un , Vn ^ Ey . 

By (j8.35p we can rewrite the expression (|8.39p as follows: 


Un — Cp 


(FlFA)-^F^F^(Ff(^)Ft(reJ)- \^"_ "" ^ E, 

— tin YYn Vn. ^n. 


Un —Cp 


(8.39) 


(8.40) 


By (18.111) and (j8.12p . together with (j8.16p and (I8.4n|) . we see that the right-hand side 
of (|8.37l) is equal to Ei. □ 


Finally, let us consider an example. 

Example 8 .8. Assume that r = d = 2,n = 4 and A = (((2), (0)), ((1), (1))) is a (2,2)- 
partition of 4. We shall consider the following standard (2, 2)-tableau of shape A: 


t=((^ , 0 ) , ( 0 , 0 )). 
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Theorem 18.71 implies that the idempotent Ei can be expressed as 

_CM_ 

16(g + q~^){vi - V2){v2q - viq-^){viq - V2q~^Y 
X g‘i{v2,viq^)g2{v2,vi)gi{v2,vi)(l)i{v2)gi^92^ 

X g 2 {viq^,vi)gi{viq^,vi)(l)i{viq^)g'{^g 2 ^ x 
X </>l('yi)(Cl + ^l)(C2 + i2)(Cl + ^3)(C2 + ^ 4 )- 


Acknowledgements. The author is grateful to Professor G. Lusztig for pointing out the 
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